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Abstract 
The Q-factor of superconducting accelerating cavities 
can be substantially improved by a special heat treatment 
under N2 atmosphere (N-doping). Recent experiments at 
Fermi National Laboratory investigated the dependence of 
Q on the RF frequency and showed, unexpectedly, both an 
increase and a decrease with the RF field amplitude. This 
paper shall explain this finding by extending a previously 
proposed model founded on the two fluid model of RF 
losses, percolation and the proximity effect in a disordered 
composite. 
INTRODUCTION 
 
Figure 1: The surface resistance Rs for N-doped cavities 
(made with the exact same doping recipe) as a function of 
the accelerating field Eacc at 2 K, normalized to the low 
field surface resistance Rs0 at 5 MV/m (adapted from ref. 
9, where Rs is called RBCS). Superimposed are the results 
from eqs. (1) and (3), obtained with the parameters as in 
Table 1 (coloured lines), NB: B/Eacc=4mT/(MV/m). 
 
The RF-field dependence of the Q-value (Q-slope) is an 
issue for the application of superconducting niobium cavi-
ties for high energy particle accelerators. Opposite phe-
nomena were observed, extending from a decrease of the 
Q-value with RF field (Q-slope), in particular in copper 
cavities sputter-deposited with a thin niobium coating, to 
an increase of the Q-value with RF field (Q-rise). Theoret-
ically plausible models were proposed for both of these ob-
servations [1,2,3,4,5], based on the dependence of the en-
ergy gap, i.e. the “BCS”-surface resistance RBCS, on the RF 
field, or the reduction of the electronic mean free path by 
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impurities or on the dynamic reduction or increase in num-
ber of quasiparticles by the action of the RF field. An as-
sessment of these models is beyond the scope of this paper, 
but instead an alternative model is presented which postu-
lates “weak” superconducting defects becoming normal 
with increasing magnetic field [6]. The beneficial effect of 
N-doping was discovered meanwhile [7,8]. 
In what follows the alternative model will be scrutinised 
under the recent experimental findings [9], which is the fre-
quency dependence of the Q-value on the RF field (Figure 
1). The approach chosen here is essentially valid for any 
“weak” superconductor in close proximity with a “strong” 
superconductor, such as niobium, but will be exemplified 
in what follows for nitrogen interstitially dissolved in nio-
bium. 
RÉSUMÉ OF MODEL 
 
Figure 2: Decay of the magnetic field B(x) with the dis-
tance x from the surface; the “weak” superconductor ex-
tends to a depth d*, which defines the saturation field Bc*. 
Three different amplitudes of the RF magnetic field are 
drawn, the lowest one below the threshold field B*, the 
larger one above B*, and the largest one at the saturation 
field Bc*. 
The alternative model is built on the two-fluid descrip-
tion of the surface resistance Rs. The first component of the 
“weak” superconductor is the “nitrogen” component, con-
sisting of nitrogen dissolved in niobium (volume fraction 
x1). The second component of the weak superconductor is 
the “niobium” component, consisting of “dirty” niobium 
(volume fraction x2=1-x1). Depending on the concentration 
of nitrogen (~15 up to 25 at.%) the weak superconductor 
may have an intrinsic critical temperature with a lower 
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bound of TcN~1.2-2 K [10,11,12], but, by the proximity ef-
fect, have a larger one due to the coupling with the “dirty” 
niobium component. TcN is the critical temperature, where 
the nitrogen component itself becomes a superconductor. 
When both components of the weak superconductor are su-
perconducting (at low RF field), the overall average elec-
trical conductivity is named sNb. 
When the RF magnetic field amplitude B is raised, the 
weak superconductor gradually turns normal conducting, 
consequent to the proximity effect, above a small threshold 
field B*, up to a saturation field Bc*. The threshold field 
B* is identical with the RF critical field of the weak super-
conductor. The saturation field Bc* describes the maximum 
RF field where all weak superconducting metal has turned 
normal conducting. It is linked with the depth d* of the 
weak superconductor d*=λ·ln(Bc*/B*). For increasing RF 
field from B* to Bc*, the boundary normal conducting/su-
perconducting penetrates deeper into the surface up to a 
maximum depth d*, where the “weak” superconductor is 
vanishing (λ is the penetration depth, Figure 2). 
The low field surface resistance is Rs0. For increasing 
B>B* some volume fraction f(B) no longer contributes to 
Rs0, hence Rs0 will be diminished by 1-f(B). This same frac-
tion f(B) will instead acquire a different surface resistance 
c·Rs0. The constant c is the ratio of the average electrical 
conductivity of the weak superconductor sm including its 
two components and the overall average electrical conduc-
tivity sNb, c=sm/sNb. Here the supposition is made of a vol-
ume fraction of the weak superconductor being constant 
within the depth of the RF field. This supposition is con-
firmed by surface analysis [6,13]. 
Hence the B dependence of Rs can be described by 
   0 1s sR R f B c f B        .  (1) 
Above B* the function f(B)=ln(B/B*)/ln(Bc*/B*) 
(B*<B< Bc* and f(B)=0 for B<B* and f(B)=1 for B>Bc*) 
describes the fraction of the weak superconductor that has 
become normal conducting (0<f(B)<1). 
EXTENSION OF MODEL 
The model as described so far cannot explain the fre-
quency dependence of Rs with B. It has to be extended by 
a more detailed analysis based on a paper of R. Landauer 
[14,15], as already anticipated in a footnote of ref. 6. 
Landauer, and Bruggeman already before him [16], con-
sidered a mixture of two metallic phases of individual con-
ductivities σ1 and σ2, with x1 and x2 as their respective vol-
ume fractions (Effective Medium Approximation, EMA). 
Then the conductivity σm of the infinite uniform medium is 
        
       
2
1 1 2 2 1 1 2 2 1 24 3 1 3 1 3 1 3 1 8m x x x x                 . 
(2) 
 
The electrical conductivity of the “nitrogen” component 
of the weak superconductor, when normal conducting, is 
real, σ1=s1. The electrical conductivity of its “niobium” 
component is purely imaginary, σ2=(µ0λ2ω)-1∙i=s2∙i. This 
observation introduces the dependence on the frequency 
ω=2πf into eq. (2). Hence, the conductivity σm of the weak 
superconductor is complex as well, and its real part sm de-
scribes its RF losses: 
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DATA ANALYSIS 
 
Figure 3: The real part of the electrical conductivity σm of 
the weak superconductor vs the volume fraction x1 of the 
“nitrogen” component. s(Nb) is the overall average elec-
trical conductivity. 
An impartial choice of parameters for fitting the data of 
Figure 1 is not obvious. Instead, it is observed that, within 
the proposed model, the relatively large dependence of the 
Q-value on the frequency is provided by a sharp peak of  
σm located at a volume fraction around x1=0.667 of the “ni-
trogen” component of the weak superconductor (Figure 3). 
This number is known to represent a percolation threshold 
in three dimensions for a binary metallic mixture in the 
EMA model. 
As consequence, from ref. 12, the normal state conduc-
tivity of the “nitrogen” component amounts to 
σ1=s1=5.5∙105 (Ωm)-1. With B*=20mT, as suggested by the 
data of Figure 1, the fitting procedure becomes straightfor-
ward: the residual resistivity ratio RRR at low field and the 
saturation field Bc* are the only free fitting parameters, all 
others are derived. These are the mean free path l, the pen-
etration depth λ, the depth d* of the “weak” superconductor 
and the overall average electrical conductivity sNb (cf. Ta-
ble 1). Assuming a typical error of the data of ±3% ends up 
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with χ2 compatible with the number of data points and free 
parameters. The error intervals of the fit parameters are de-
fined at twice the minimum χ2. 
One obtains finally sm from eq. (3) and Rs/Rs0 from eq. 
(1). 
It should be noted, however, that the conductivity sNb is 
reduced by a factor (T/Tc)4=(2/9.2)4≈0.2%, by virtue of the 
temperature dependence of the two-fluid model. Keeping 
the constant c unchanged, as required by the data fitting, 
the average electrical conductivity of the weak supercon-
ductor sm is diminished by the same factor. This is a first 
indication of the weak superconductor being dispersed 
within the surface. 
 
Table 1: Parameters used for fitting the data of Figure 1 
x1 0.667 A priori parameters 
B* [mT] 20 
l [nm] 34±2 Derived parameters 
λ [nm] 57±1 
d* [nm] 68±1 
sNb [1/Ωm] (7.8±0.4)·10
7 
RRR 11.7±0.5 Free fit parameters 
Bc* [mT] 66±5 
London penetration depth λ0 
Intrinsic coherence length ξ0 
Mean free path l 
Penetration depth λ 
Depth of “weak” superconductor d* 
Overall average el. conductivity sNb 
El. conductivity of Nb@300 K sNb (300K) 
39 [nm] 
38 [nm] 
2.9·RRR [nm] 
λ0·(1+ ξ0/l)
1/2 
λ·1n(Bc*/ B*) 
RRR· sNb (300K) 
6.7·106 [1/Ωm] 
 
Consequent to the sharp value of x1=0.667±0.002, the 
weak superconductor should have an atomic volume con-
centration of interstitially dissolved nitrogen of 
~0.667·(15-25)%=(10-17)%, i.e. about every second atom 
in a line is a nitrogen atom, hence close to a composition 
such as NbN1±x with x«1. The hexagonal modifications of 
NbN and Nb2N were found not to be superconducting 
down to 1.94K [17], in accordance to the assumptions of 
the proposed model. In addition, as a second hint of the 
weak superconductor being dispersed within the surface, 
the overall average atomic volume concentration of inter-
stitially dissolved nitrogen as measured in N-doped cavi-
ties is more than one order of magnitude lower than 10%, 
about 0.5-1% [6,13]. 
CONSISTENCY CHECK 
In what follows the consistency of the results as obtained 
so far will be revised under the stipulations of the proxim-
ity effect as initially published by the Orsay group [18,19]. 
The properties of the “nitrogen” component of the weak 
superconductor are denoted by the suffix “N” for “normal”, 
those of the “niobium” component are denoted with an “S” 
for “strong”. 
The starting point is the implicit formula eq. (1) in ref. 
19 for the coherence length KN-1, 
 
2
1 1
ln
2 2 4
N N
cN
B
D K
T T
k T
 

   
     
    
ħ  . 
Mind that this formula and the following ones taken 
from refs. 18 and  19 are written in the cgs-system of units. 
TcN is the critical temperature of N itself, ψ is the digamma 
function, DN is the diffusion coefficient, ħ is the Planck 
constant, kB is the Boltzmann constant, and T is the bath 
temperature. 
The coherence length KN-1 depends implicitly on the dif-
fusion constant DN=1/3·vFN·lN, on TcN=1.2K, and on 
T=2K. vN is the Fermi velocity of N, and lN is the electronic 
mean free path in N. The dependence of lN on RRR is 
lN[nm]=(2.9±0.4)·RRR. This number is averaged from re-
sults of refs. 20,21 and 22. Then, by means of RRR=11.7 
from the data fitting, lN is computed as 34[nm]. With 
vFN=1.4·106[m/s] and RRR=11.8 from Table 1, 
KN--1=233[nm]. 
From eq. (3) of ref. 19, the penetration depth λN=57[nm] 
(Table 1) of the “weak” superconductor depends in addi-
tion on its electrical resistivity ρN and on its energy gap ΔN. 
The energy gap ΔN was determined from the de Gennes-
boundary condition, eq. (4) of ref. 19 ΔN=ΔS·NVN/NVS. 
ΔN, ΔS are the energy gaps and NVN, NVS are the electron-
phonon coupling constants of “N” and “S”, respectively. 
The relation Tc=1.14·ΘD·e-1/NV, ΘD being the Debye-tem-
perature, allows the determination of the respective cou-
pling constants, under the assumption of equal Debye tem-
perature for “N” and “S”. This approximation is considered 
as justified due to the logarithmic dependence of NV on 
ΘD. 
All these numbers are known except ρN, which is ad-
justed such that λN=57[nm], as required from the data fit-
ting. The numbers not yet mentioned so far are listed in 
Table 2. 
From eq. (2) in ref. 19, 
1 2 1 2
2 6
N
B B
N FN N
k T
l
k T

 
   
    


  
 
  
ħ D ħ v  , 
the coherence length ξN=97[nm] is derived, yielding the 
Ginzburg-Landau constant to κ=0.6.  
 
Table 2: Parameters used for the consistency check 
DN  ΔN ΔS NVN NVS ΘD ρN 
[m2/s] [K] [K]   [K] [Ωm] 
0.016 10.8 17 0.18 0.28 276 6.9·10-8 
 
Hence, the stipulated conditions of ref. 18, κ<1 and 
dN»λN, allow the determination of the critical field of the 
“weak” superconductor from eq. (6) in ref. 18: 
Hb→Φ0∙KN/(2πλ)=24[mT], Φ0 being the flux quantum. Hb 
should be consistent with the fitted value B*, which is the 
case. In addition, as clearly outlined in ref. 18, for increas-
ing B>B*, the boundary wall normal-/superconducting 
penetrates into the surface like in a type I superconductor 
(NB κ<1), as already postulated in the above “résumé” sec-
tion. 
The fitted value of B* allows the determination of the 
“defect” size dN by virtue of eq. (10) in ref. 19: 
dN=350[nm]: 
 03.8 exp
2
N
bN N N
K
H K d
 
 
   

. 
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COMPARISON BETWEEN N-DOPED AND 
CHEMICALLY POLISHED CAVITY SUR-
FACES 
The authors of ref. 9 presented in comparison to Figure 
1 also data for non N-doped superconducting cavities, 
which were chemically polished and baked at 120°C (Fig-
ure 4). 
 
 
Figure 4: The surface resistance Rs for buffered chemi-
cally polished (BCP) non-doped cavities as a function of 
the accelerating field Eacc at 2 K, normalized to the low 
field surface resistance Rs0 at 5 MV/m (adapted from ref. 
9, where Rs is called RBCS). Superimposed are the results 
from eqs. (1) and (3), obtained with the parameters as in 
Table 3 (coloured lines) for 120°C baked cavities. 
 
The relatively small value of Bc* of the N-doped cavity 
(Table 1), in comparison to that of the BCP cavity (Table 
3) needs an explanation. In the framework of the model 
presented this difference can be attributed to a smaller 
depth d* of the accountable N-doping owing to the rela-
tively large and sharply distributed volume fraction 
x1=0.667 of the nitrogen component. 
From Table 3 one concludes that the data are fitted with 
essentially pretty similar parameters as those of Figure 1, 
except for the saturation field Bc*. 
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